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                \begin{document}$$q_T$$\end{document}$ subtraction formalism \[[@CR1]\] is a method to handle and cancel the IR divergences appearing in QCD computations at next-to-next-to-leading order (NNLO) and beyond. In its original formulation it has been applied to carry out a variety of NNLO QCD computations for the production of colourless final states in hadronic collisions \[[@CR2]--[@CR16]\]. Most of the above computations are now publicly available in [Matrix]{.smallcaps} \[[@CR17]\]. A first application of $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction to the computation of the approximate next-to-next-to-next-to-leading order (N$\documentclass[12pt]{minimal}
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                \begin{document}$$^3$$\end{document}$LO) QCD corrections to Higgs boson production through gluon fusion has been presented recently \[[@CR18]\].

In the last few years, thanks to the formulation of transverse-momentum resummation for heavy-quark production \[[@CR19]--[@CR23]\] the method has been extended and applied to the production of top-quark pairs \[[@CR24]--[@CR26]\]. The $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction counterterm is constructed by exploiting the universal behavior of the associated transverse-momentum ($\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$) distribution. Therefore, the subtraction is intrinsically *non local* and in practice the computation is carried out by introducing a cut, $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ on the tranverse momentum of the colourless system normalised to its invariant mass. When evaluated at finite $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ both the contribution of the real emission and the one of the counterterm exibit logarithmically divergent terms plus additional power suppressed contributions that vanish as $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}\rightarrow 0$$\end{document}$. The efficiency of the subtraction procedure crucially depends on the size of such power suppressed contributions.

In the inclusive production of a colourless final state the power suppressed contributions are known to be *quadratic* in $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ (modulo logarithmic enhancements) \[[@CR12]\]. This allows us to obtain precise predictions by either evaluating the cross section at sufficiently small $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$, or carrying out the $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}\rightarrow 0$$\end{document}$ extrapolation[1](#Fn1){ref-type="fn"} \[[@CR17]\]. The power suppressed contributions to the next-to-leading order (NLO) total cross section have been explicitly evaluated in Refs. \[[@CR28], [@CR29]\]. In the case of heavy-quark production the $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ dependence is found to be *linear* \[[@CR25], [@CR26], [@CR30]\], and it is an interesting question to investigate the origin of this peculiar behavior.
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism has been applied only to higher-order QCD computations. The formulation of the method for heavy-quark production can be straightforwardly extended to the computation of NLO electroweak (EW) corrections to the Drell--Yan process. The purpose of the present paper is twofold. We first present and discuss the first application of the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism to the computation of the NLO EW corrections to the production of massive lepton pairs. Our computation consistently includes initial-state radiation, final-state radiation from the massive leptons and their interference, and our results are compared with the ones obtained with the well established public generator [Sanc]{.smallcaps} \[[@CR31]\] and to an independent computation that we carry out with the dipole subtraction formalism \[[@CR32]\]. Then, we present the analytic computation of the power suppressed contributions, and we confirm the linear $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ behaviour by computing its NLO coefficient. We also extend our results to the case in which cuts are applied.

The paper is organised as follows. In Sect. [2](#Sec2){ref-type="sec"} we review the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$-subtraction formalism, by detailing its implementation up to NLO in the case of heavy-quark production. In Sect. [3](#Sec3){ref-type="sec"} we apply the formalism to the computation of NLO EW corrections to the Drell--Yan process. In Sect. [4](#Sec4){ref-type="sec"} we study the power suppressed contributions and we explicitly compute the leading power corrections in the case of final-state and initial-state radiation. In Sect. [5](#Sec10){ref-type="sec"} we summarise our results.
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism {#Sec2}
============================================================================
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism \[[@CR1]\] is a method to handle and cancel the IR divergences appearing in higher-order QCD computations. The method uses IR subtraction counterterms that are constructed by considering and explicitly computing the transverse-momentum $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ distribution of the produced final-state system. At Born level such distribution is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (q_T^2)$$\end{document}$. At higher perturbative orders multiple radiation of soft and collinear partons makes the distribution divergent in the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T \rightarrow 0$$\end{document}$ limit. If the produced final-state system is composed of non-QCD (colourless) partons (e.g., leptons, vector bosons or Higgs bosons), the small-$\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ behaviour has a universal (process-independent) structure that is explicitly known up to the NNLO level (and, in part, at N$\documentclass[12pt]{minimal}
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                \begin{document}$$^3$$\end{document}$LO \[[@CR18], [@CR33]\]) through the formalism of transverse-momentum resummation \[[@CR34]\]. These results on transverse-momentum resummation are sufficient to fully specify the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism for this entire class of processes. By using the formulation of transverse-momentum resummation for heavy-quark production \[[@CR19]--[@CR23]\], the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction formalism has been recently extended to this class of processes \[[@CR24]--[@CR26]\].
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                \begin{document}$$\begin{aligned} d{\hat{\sigma }}^{Q\bar{Q}}_{(N)NLO}= & {} {\mathcal {H}}^{Q\bar{Q}}_{(N)NLO}\otimes d{\hat{\sigma }}^{Q\bar{Q}}_{LO}\nonumber \\&+\left[ d{\hat{\sigma }}^{Q\bar{Q}+\mathrm {jet}}_{(N)LO}- d{\hat{\sigma }}^{Q\bar{Q}, \, CT}_{(N)NLO}\right] , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\bar{Q}$$\end{document}$+jet cross section at (N)LO accuracy. The square bracket term of Eq. ([1](#Equ1){ref-type=""}) is IR finite in the limit $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T \rightarrow 0$$\end{document}$, but its individual contributions, $\documentclass[12pt]{minimal}
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                \begin{document}$$d{\hat{\sigma }}^{Q\bar{Q}+\mathrm {jet}}_{(N)LO}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$d{\hat{\sigma }}^{Q\bar{Q}, \, CT}_{(N)NLO}$$\end{document}$, are separately divergent. The IR subtraction counterterm $\documentclass[12pt]{minimal}
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                \begin{document}$$d{\hat{\sigma }}^{Q\bar{Q}, \,CT}_{(N)NLO}$$\end{document}$ is obtained from the (N)NLO perturbative expansion (see, e.g., Refs. \[[@CR24], [@CR35]\]) of the resummation formula of the logarithmically-enhanced contributions to the $\documentclass[12pt]{minimal}
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                \begin{document}$$Q\bar{Q}$$\end{document}$ pair \[[@CR19]--[@CR21]\]: the explicit form of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d{\hat{\sigma }}^{Q\bar{Q}, \,CT}_{(N)NLO}$$\end{document}$ can be completely worked out up to NNLO accuracy.

In the following we will limit ourselves to consider Eq. ([1](#Equ1){ref-type=""}) up to NLO accuracy. The explicit expression of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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NLO EW corrections to the Drell--Yan process {#Sec3}
============================================

We consider the hadroproduction of a dilepton pair through the Drell--Yan mechanism. NLO EW corrections to this process have been considered in Refs. \[[@CR36]--[@CR39]\]. A tuned comparison of various Monte Carlo codes is presented in Ref. \[[@CR40]\].
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The comparison with [Sanc]{.smallcaps} can be extended to differential distributions. In Fig. [1](#Fig1){ref-type="fig"} we compare the invariant mass ($\documentclass[12pt]{minimal}
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Power corrections {#Sec4}
=================

In this section we are going to analytically study the power suppressed contributions to the $\documentclass[12pt]{minimal}
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In the following we analytically study the behavior of NLO cross sections computed with $\documentclass[12pt]{minimal}
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We consider the production of a massive lepton pair in pure QED in the diagonal channel$$\documentclass[12pt]{minimal}
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Final-state radiation {#Sec5}
---------------------

The integration of the matrix element squared corresponding to final state radiation over the angular variables can be carried out along the lines of Ref. \[[@CR50]\]. After partial fractioning, the required angular integrals have the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} I^{ (k, l)}&= \int _0^{\pi } \sin \vartheta _1 d \vartheta _1 \int _0^{\pi } d \vartheta _2 (a + b \cos \vartheta _1)^{- k} \nonumber \\&\quad \times (A + B \cos \vartheta _1 + C \sin \vartheta _1 \cos \vartheta _2)^{- j} \end{aligned}$$\end{document}$$where the coefficients *a*, *b*, *A*, *B*, *C* are functions of the invariants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s,M^2, u, t$$\end{document}$. The ensuing contribution to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\hat{\sigma }_{q\bar{q}}/dr_{\mathrm{cut}}^2$$\end{document}$ can be expressed in the following form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d \hat{\sigma }^{\mathrm{FS}}_{q\bar{q}}}{d r_{\mathrm{cut}}^2}&= - \frac{4 \alpha ^3e_q^2}{3s}\int _{z_\mathrm{min}}^{z_\mathrm{max}}dz \left[ \frac{K_1(z;z_\mathrm{min})}{(1-z)^2\sqrt{(1 - z)^2 - 4 z r_{\mathrm{cut}}^2}}\right. \nonumber \\&\quad \left. + \frac{K_2(z;z_\mathrm{min})r_{\mathrm{cut}}^2}{(1-z)^4\sqrt{(1 - z)^2 - 4 z r_{\mathrm{cut}}^2}} \right] \end{aligned}$$\end{document}$$in terms of two coefficient functions, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_2$$\end{document}$, which are regular at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z=1$$\end{document}$ (soft limit) and do not depend on the cut-off parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&K_1(z;z_\mathrm{min}) = -\left[ z_\mathrm{min}z^2+z(1+z)^2\right] \sqrt{1-\frac{z_\mathrm{min}}{z}} \nonumber \\&\quad \quad + z\left( 1+z^2+z_\mathrm{min}z-\frac{z_\mathrm{min}^2}{2}\right) \ln {\frac{\displaystyle 1+\sqrt{1-\frac{z_\mathrm{min}}{z}}}{\displaystyle 1-\sqrt{1-\frac{z_\mathrm{min}}{z}}}}, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_2 (z;z_\mathrm{min})&= 2 z^2 \left\{ \left[ 1 + z (6 + z) + z_\mathrm{min}z\right] \sqrt{1-\frac{z_\mathrm{min}}{z}} \right. \nonumber \\&\quad - \left( 1 + z^2 + z_\mathrm{min}(2 + z) - \frac{z_\mathrm{min}^2}{2}\right) \nonumber \\&\quad \left. \times \ln {\frac{\displaystyle 1+\sqrt{1-\frac{z_\mathrm{min}}{z}}}{\displaystyle 1-\sqrt{1-\frac{z_\mathrm{min}}{z}}}}\right\} . \end{aligned}$$\end{document}$$In the small-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ limit the integral in Eq. ([24](#Equ24){ref-type=""}) can be computed by using the expansions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{\varTheta (z_\mathrm{max}-z)\varTheta (z-z_\mathrm{min})}{(1-z)^2\sqrt{(1 - z)^2 - 4 z r_{\mathrm{cut}}^2}}=\frac{1}{4}\delta (1-z)\frac{1}{r_{\mathrm{cut}}^2}\nonumber \\&\quad +\frac{\pi }{8}\left[ \delta (1-z)+2\delta ^\prime (1-z)\right] \frac{1}{r_{\mathrm{cut}}}+\mathcal{O}(1)\nonumber \\&\frac{\varTheta (z_\mathrm{max}-z)\varTheta (z-z_\mathrm{min})r_{\mathrm{cut}}^2}{(1-z)^4\sqrt{(1 - z)^2 - 4 z r_{\mathrm{cut}}^2}}=\frac{1}{24}\delta (1-z)\frac{1}{r_{\mathrm{cut}}^2}\nonumber \\&\quad +\frac{\pi }{64}\left[ 3\delta (1-z)+2\delta ^\prime (1-z)\right] \frac{1}{r_{\mathrm{cut}}}+\mathcal{O}(1) \end{aligned}$$\end{document}$$and we obtain for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ dependence of the partonic cross section$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{\sigma }^{\mathrm{FS}}_{q\bar{q}}(s;r_{\mathrm{cut}})&=\sigma _0(s)\frac{\alpha }{2\pi }\bigg \{\left[ 2-\frac{(1+\beta ^2)}{\beta }\ln \frac{1+\beta }{1-\beta }\right] \ln {(r_{\mathrm{cut}}^2)}\nonumber \\&\quad - \frac{3\pi }{8} \left[ \frac{6(5-\beta ^2)}{3-\beta ^2} + \frac{-47+8\beta ^2+3\beta ^4}{\beta (3-\beta ^2)}\right. \nonumber \\&\qquad \qquad \left. \times \ln \frac{1+\beta }{1-\beta } \right] r_{\mathrm{cut}}\bigg \} + O(r_{\mathrm{cut}}^2)\nonumber \\&\equiv \hat{\sigma }^{\mathrm{FS}}_{\mathrm{LP}}(s;r_{\mathrm{cut}}) + \hat{\sigma }^{\mathrm{FS}}_{\mathrm{NLP}}(s;r_{\mathrm{cut}}) + O(r_{\mathrm{cut}}^2) \end{aligned}$$\end{document}$$where we have dropped terms which do not depend on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ and we have introduced the Born cross section$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma _0(s)=\frac{2\pi }{9s}\alpha ^2 e_q^2\beta (3-\beta ^2) \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\sqrt{1-\frac{4m^2}{s}}$$\end{document}$.

Equation ([28](#Equ28){ref-type=""}) shows that the final-state contribution to the NLO cross section, integrated down to $\documentclass[12pt]{minimal}
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Initial-state radiation {#Sec6}
-----------------------

The integration of the matrix element squared corresponding to initial-state radiation over the angular variables is straightforward and we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$, modulo logarithmic enhancements.Fig. 4Subtracted partonic cross section for final-state radiation (left panel) and initial-state radiation (right panel). The solid lines represent the subtraction of the leading-power term, while the red solid line is obtained by subtracting also the next-to-leading power terms in Eqs. ([28](#Equ28){ref-type=""}) and ([39](#Equ39){ref-type=""}), respectively. The upper panels show the result normalised to the Born cross section, while the lower panels show the result normalised to the $\documentclass[12pt]{minimal}
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As a byproduct of our calculation, we can reobtain the power suppressed terms in the case of the production of a vector boson of mass *M*. To get rid of the decay it is enough to carry out the $\documentclass[12pt]{minimal}
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Numerical validation {#Sec7}
--------------------

In order to check the results presented in Sects. [4.1](#Sec5){ref-type="sec"}, [4.2](#Sec6){ref-type="sec"} we have numerically implemented the exact real emission contribution to the cross section and the expansions in Eqs. ([28](#Equ28){ref-type=""}) and ([39](#Equ39){ref-type=""}).

In Fig. [4](#Fig4){ref-type="fig"} we report the exact real emission partonic cross section in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\bar{q}$$\end{document}$ channel for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =0.6$$\end{document}$ as a function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ from which we have subtracted the leading-power contribution (black curve) and both the leading and next-to-leading power contributions (red curve). The numerical computation is separately carried out for the final-state radiation (left panel) and initial-state radiation (right panel) contributions. Both for final-state radiation and initial-state radiation the leading-power contribution exactly matches the divergent behavior of the real emission cross section which is finite in the small-$\documentclass[12pt]{minimal}
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Hadronic cross section {#Sec8}
----------------------

We now briefly comment upon the behavior of the hadronic cross section. In the following, we will show that when the fully inclusive cross section is considered, the convolution with the PDFs potentially introduces an additional linear term in $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$. In the case of final-state radiation such contribution could modify the parton level result. In the case of initial-state radiation such contribution could potentially change the power counting, by making the power correction linear. However, we will argue that, both for final-state and initial-state radiation, such additional term vanishes.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ when the hadronic cross section is evaluated. However, the partonic cross section vanishes at the kinematical limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z=z_\mathrm{max}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{\sigma }_{ab}\left( s=\frac{4m^2}{z_\mathrm{max}},r_{\mathrm{cut}}\right) =0\, . \end{aligned}$$\end{document}$$This is a sufficient mathematical condition to prevent the appearance of a further linear term through integration. We thus conclude that, as anticipated, in the case of final-state radiation the linear term in $\documentclass[12pt]{minimal}
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Final-state radiation at next-to-leading power: beyond inclusive observables {#Sec9}
----------------------------------------------------------------------------

In Sect. [4.1](#Sec5){ref-type="sec"}, we have established by means of an analytical computation that in the case of final-state radiation off massive emitters the leading power corrections are linear in $\documentclass[12pt]{minimal}
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Our starting point is the expansion of the real contribution to the differential cross section in the soft limit. According to the discussion in Appendix A, the leading soft contribution allows us to obtain the leading-power term in $\documentclass[12pt]{minimal}
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In the following we propose a strategy to numerically prove the above result, which in turns provides a procedure to compute the next-to-leading power in a fully differential way. From the soft contributions we can construct a local counterterm which cancels the singularities of the real cross section but does not contribute to the next-to-leading power. Then the subtracted cross section is finite in four dimensions and can be integrated numerically in the unresolved region $\documentclass[12pt]{minimal}
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To construct the additional counterterm we need a mapping which reabsorbs the radiation into a Born-like configuration. Among the available mappings at NLO, we choose the mapping proposed in Ref. \[[@CR51]\]. It is a massive FKS \[[@CR52]\] mapping dedicated to the case of the radiative emission off final state massive emitters and present some peculiar features:the radiation is reabsorbed in such a way not to modify the partonic CM energy;the energy of the radiation (in the CM frame), which controls the way the soft limit is approached, appears explicitly among the variables of the mapping. Fig. 5NLO EW correction as a function of $\documentclass[12pt]{minimal}
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In the above mapping, we identify an emitter and a radiated parton. The radiation variables are given by the radiation energy fraction $\documentclass[12pt]{minimal}
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The expression in Eq. ([48](#Equ48){ref-type=""}) is fully differential, so that it can be used also in the case in which cuts on the final state are applied. The contribution in Eq. ([48](#Equ48){ref-type=""}) can be combined with the standard $\documentclass[12pt]{minimal}
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We conclude this section with few comments on the above results. The subtraction of the linear $\documentclass[12pt]{minimal}
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Summary {#Sec10}
=======

In this paper we have considered an application of the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_T$$\end{document}$ subtraction can be applied to evaluate NLO EW corrections to this process through a straightforward abelianisation procedure from heavy-quark production in QCD. The computation can be carried out for lepton masses as small as the one of the muon without substantial complications, and we have been able to successfully reproduce inclusive and differential results obtained with the numerical program [Sanc]{.smallcaps}. Our calculation paves the way to possible applications to the computation of mixed QCD-EW corrections \[[@CR41], [@CR53]--[@CR56]\] and to NNLO QED corrections \[[@CR41]\] to the Drell--Yan process.

We have then studied the power suppressed contributions to the $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$, and we have explicitly evaluated the corresponding NLO coefficient. Generally speaking, linear power suppressed terms arise when cuts on the lepton transverse momenta are applied. We have shown that, even in the case of the inclusive cross section, final state radiation leads to a linear power correction in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(\alpha \alpha _{\mathrm{S}})$$\end{document}$.

Appendix A: Soft Power Counting {#Sec11}
===============================

In this Appendix, we discuss the soft power counting for final-state radiation. In the strictly soft limit, the phase space of the emitted photon with momentum *k* exactly factorizes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d\varPhi _3 = d\varPhi _2 \times \frac{d^3 k}{(2\pi )^32k^0}. \end{aligned}$$\end{document}$$The leading power constribution to final-state radiation is given by the soft-factorisation formula$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{S}_{34}$$\end{document}$, the leading power unconstrained soft integral is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} a_i&= \frac{1}{p_\perp k_\perp } \left( p_i^+\frac{k_\perp ^2}{2k^+} + p_i^-k^+ \right) . \end{aligned}$$\end{document}$$In the above formula, we have enforced the soft kinematic with two back-to-back massive leptons. The azimuthal average is straightforward, after disentangling the product occuring in the denominator by means of the partial fractioning relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} x = \left( \frac{k^+}{k_\perp }\right) ^2,\quad d k^+ = k_\perp \frac{dx}{2\sqrt{x}}\, . \end{aligned}$$\end{document}$$The soft integral becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I^{\mathrm{soft}}_{34}&= \frac{p_3 \cdot p_4}{(2\pi )^2}\frac{1}{\sqrt{2s}} \int _{s r_{\mathrm{cut}}^2}^\infty \frac{dk_\perp ^2}{k_\perp ^2} \int _0^\infty \frac{dx}{1+2x}\nonumber \\&\quad \times \sum _{i=3,4}\frac{1}{\sqrt{4(p_i^-)^2x^2 + 2 (m^2 -p_\perp ^2)x + (p_i^+)^2}} \end{aligned}$$\end{document}$$where *s* is the partonic CM energy.

We can complete the calculation of the leading power contribution by performing the integration over the *x* variable. The relevant integrals are of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$e_3e_4=-1$$\end{document}$ in Eq. ([28](#Equ28){ref-type=""}). The contributions from $\documentclass[12pt]{minimal}
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                \begin{document}$$I^{\mathrm{soft}}_{44}$$\end{document}$ can be obtained in a similar way and reproduce the remaining term in Eq. ([28](#Equ28){ref-type=""}). The power counting for the linear power correction follows now easily observing that the energy of the radiation scales with the transverse momentum$$\documentclass[12pt]{minimal}
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The only exception is the production of direct photons ($\documentclass[12pt]{minimal}
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                \begin{document}$$W\gamma $$\end{document}$ \[[@CR8]\]\....), for which a fully inclusive cross section cannot be defined, and an isolation prescription is required. The interplay of the isolation prescription with the subtraction procedure makes the $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ dependence stronger \[[@CR17], [@CR27]\].

An early comparison of phase-space slicing and dipole subtraction methods in the case of final-state radiation off a heavy-quark pair was presented in Ref. \[[@CR47]\].

As discussed in Sect. [3](#Sec3){ref-type="sec"}, when symmetric cuts are applied a linear dependence on $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{\mathrm{cut}}$$\end{document}$ appears in the contribution from initial-state radiation.
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